Abstract The non-isospectral sine-Gordon equation with self-consistent sources is derived. Its solutions are obtained by means of Hirota method and Wronskian technique, respectively. Non-isospectral dynamics including one-soliton characteristics, two-soliton scattering, and ghost solitons, are investigated.
Introduction
The non-isospectral evolution equations and the soliton equations with self-consistent sources have been widely investigated [1−29] because they are important in physics and mathematics. For example, the sources of soliton equation can affect the velocity and travelling trajectories, the non-isospectral equation can describe the solitary waves in non-uniform media.
In this paper we will derive the exact solutions of the non-isospectral sine-Gordon equation with self-consistent sources (SGESCS) by Hirota method and Wronskian techinque, respectively. For the dynamics, the one-soliton characteristics, two-soliton scattering, and the ghost solitons are studied, through which we hope to analytically learn about more non-isospectral characteristics and source effects for the SGESCS.
The paper is organized as follows. In Sec. 2 we derive the non-isospectral SGESCS. In Sec. 3 we give the exact solutions by Hirota method and Wronskian technique, respectively. In Sec. 4 the dynamics is investigated.
Lax Integrability of Non-isospectral SGESCS
Firstly, we derive the non-isospectral SGESCS from the well-known ZS-AKNS problem,
coupled with the time evolution
Their compatibility condition
suggests that
where
∂ = ∂/∂x and ∂∂ −1 = ∂ −1 ∂ = 1. To get the non-isospectral SGESCS, we take q = −r = u x /2 and expand (−B, C)
T as
where we let α j and β j meet
Such α j and β j can be taken as
with
for j = 1, 2, . . . , N . Thus equation (5) can be rewritten as 1 2 
By taking λ t = µ/4λ, where µ is a real constant, A 0 = 0, and comparing the coefficients of the same powers of 2λ, we have 1 2
Then solving the above equation yields
and we further reach
Thus the non-isospectral SGESCS can be described as
Bilinear Approach
In this section we will solve the non-isospectral SGESCS (12) through Hirota method [30, 31] and Wronskian technique.
[32]
Hirota Method
The non-isospectral SGESCS (12) can be transformed into the bilinear form:
where λ j (t) are real functions, by the dependent variable transformations, [27] 
wheref andḡ j are the complex conjugates of f and g j , and D is the well-known Hirota bilinear operator defined as [30, 31] 
By expanding f , h, and g j as
taking λ j (t) = −k j (t) and employing the standard Hirota's procedure, we can get one-soliton solution described as
µt > −c 1 /2 and c 1 > 0, and θ
1 are two arbitrary real constants, β 1 (t) is an arbitrary non-negative continuous function of t.
When N = 2, we can get two-soliton solution described as
where k j (t) and θ j are defined as Eq. (16) but with subscript j instead of 1.
We can continue to work out three-soliton solution for N = 3, and further for arbitrary N we can have
with arbitrary real constants θ (0) j and 0 < c 1 < c 2 < · · · < c N and µt > −c 1 /2.
Wronskian Technique
Theorem 3.1 The following Wronskians
solve the bilinear non-isospectral SGESCS (13) , where
is defined as Eq. (19a) and ξ j is defined as
Proof By noting that ψ j satisfies
equations (13b) and (13c) can be verified by taking λ j (t) = −k j (t), which are the same as in Refs. [27] and [9] . So we only need to prove Eq. (13a). Using Eq. (23) we can havē
where A = (−1)
1 kj (t) and N − j indicates the set of consecutive columns 1, 2, . . . , N − j. Besides Eq. (23), ψ j satisfies
for each j = 1, 2, . . . , N . Expanding f = | N − 1| and f x = | N − 2, N | by the j-th row, we have
where A j,l and B j,l are the cofactor of f and f x , respectively. We further have
so the left-hand side of Eq. (23) can be written as µx
Using the following identity
the above formula can reach
Then by the same treatment in Ref. [27] , the left-hand side can reach the right side. Thus, we complete the proof. We cannot uniform the solutions we obtained in Hirota's form and Wronskian form. In fact, following the procedure in Ref. [26] and setting 0 < c 1 < c 2 < · · · < c N , we can rewrite Eqs. (20a) and (20b) as
and e A jl is defined as Eq. (19).
Dynamics

One-Soliton Characteristics
By Eqs. (15) and (14), one-soliton solution can be written as
and the corresponding sources are
where θ 1 is given by Eq. (16). 
The shape of the soliton (29) is described as the curve given in Fig. 1(a) , which is an arctan curve. There is only one inflexion point in the curve, which is
It is easy to verify that u ≡ π at this inflexion point. So we can employ the trajectory of the inflexion point to describe the travelling trace of the soliton (29) , and the trajectory is
It then turns out that the velocity of the soliton (29) is
One typical non-isospectral characteristic is the slope of the soliton at the inflexion point (31). It is 2 √ 2µt + c 1 , which is time-dependent and different from the isospectral case where the slope is independent of time. The non-negative function β 1 (t) plays the role of source and it changes the velocity of the soliton but not the shape.
The stationary soliton can be obtained when we take µ > 0, c 1 > 0, θ From Eqs. (17) and (14) we can have the two-soliton solution as
where we set 0 < c 1 < c 2 and µt > −c 1 /2. Figure 3 exhibits the elastic interactions of a stationary soliton and a moving soliton.
In the following we consider the degenerate case (c 1 = c 2 ) of two-soliton interactions. In this case,
and
This seems to be a one-soliton with a special source, but we would like to look at it as a degenerate two-soliton case for it has two different source representatives g 1 and g 2 . Fig. 4(c) the soliton travels first with its original source and then suddenly with other different source. We call them "ghost" soliton, as described in Ref. [33] for the Hirota-Satsuma equation.
Finally, let us investigate the asymptotic behaviors for some special degenerate cases. Suppose that {β j (t)} satisfy
and the two solitons involved in the degenerate case are calledθ 1 -soliton andθ 2 -soliton, respectively. We consider the coordinate frame co-moving withθ 1 -soliton, 
due to Eq. (38). This further gives u → 4 arctan e 2 θ1 , t → +∞ .
Similarly, under the frame
which co-moves withθ 2 -soliton (lettingθ 2 stay zero), we have
Thus we conclude that for the final states of two solitons involved in the degenerate case, one exists but another disappears under the condition (38). Obviously, similar result holds for t 0 (β 2 (t) − β 1 (t))dt → +∞, as t → +∞ .
Conclusion
In this paper, we derive the non-isospectral SGESCS, give its exact solutions by Hirota method and Wronskian technique, respectively, and give the dynamics analysis of the soliton solutions, such as the sources of the soliton equation changing the velocity and the travelling trajectory of the soliton and the two solitons scattering elastically and the existence of ghost solitons.
